A FOURTH ORDER CURVATURE FLOW ON A CR 3-MANIFOLD 
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Abstract. Let (M 3 , J, 9q) be a closed pseudohermitian 3-manifold. Suppose the 
associated torsion vanishes and the associated Q-curvature has no kernel part with 
respect to the associated Paneitz operator. On such a background pseudohermitian 
3-manifold, we study the change of the contact form according to a certain version 
of normalized Q-curvature flow. This is a fourth order evolution equation. We 
prove that the solution exists for all time and converges smoothly to a contact form 
of zero Q-curvature. We also consider other background conditions and obtain a 
priori bounds up to high orders for the solution. 



1. Introduction 

Let (M, J, 8) be a closed (i.e., compact with no boundary) pseudohermitian 3- 
manifold (see Appendix A for basic notions in pseudohermitian geometry). In the 
papers |FHj . |GG| . jHj, and |GLj . the (CR) Paneitz operator P (acting on a smooth 
real function A) with respect to (J, 8) is defined by 

PA = A 2 A + T 2 A + 4 MAn-An + A^Xi) , 

and the so-called Q-curvature is defined by 

(1.1) Q = ~(A b W + 2lmA 11JI ) 

where A b , T, W, and A^j denote the sub-Laplacian, the characteristic vector field, 
the Tanaka- Webster (scalar) curvature, and the torsion with respect to ( J, 8), re- 
spectively. Moreover, for a contact form change 8 = e 2X 8o, we have the following 
transformation laws: 

(1.2) P = e~ 4X P 
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and 

(1.3) Q = e- 4A (Q + 2P A) 

where Po and Qo denote the (CR) Paneitz operator and the Q-curvature with respect 
to (J, 8 ), respectively. Note that 

(1.4) / QdiM = 0. 

J M 

Here the volume form d\i = 9 A d9. 

Then we ask if we can always choose 9 so that Q vanishes pointwise. The related 
problems for the Q-curvature on a Riemannian manifold are also addressed and stud- 
ied in jBj, |Clj . and |CWj by using the method of the Q-curvature flow. In this paper 
we study a similar evolution equation and apply it to the problem addressed above 
on a CR 3-manifold. 

We consider the functional 8 on a closed CR 3-manifold (M, J) with a given 
contact class [9 ] (which consists of all contact forms annihilating the underlying 
contact bundle): 



1.5) 



8(9) 



/ P X ■ \dfi + / QoXdfi , 

J M JM 



for 9 = e 2X 9o, where dfi = 9q A d9o- Then, for minimizing S(6) in [^o], it is natural 
to consider the following fourth order (Q- curvature) flow on a closed CR 3-manifold 
(M, J): 



1.6) 



where 



f = -(g + 2P A)+r = 
^ = e 2A ^o;A(p,0) = A (j9), 
f e iX °dfi = f M dfi , 



e Q + r, 



J M (Q + 2P X)dfi _ J M e 4X Qd^ 



Im d V Im d V 

and Ao is an initial real C°° smooth function. Note that d\i = e AX dfi and the volume 
V = f M dfx is kept invariant under the flow p.6|) . Indeed ()1.6|) is the (volume nor- 
malized) negative gradient flow of 8(9). That is, by using (jl.4|) and 1)1.3)) . one can 
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check that 



dt 

= 2 Im ' fl^o + I M Qow^o 
(1.7) = -2 J M (Q + 2P \)P \d» - J M Q (Q + 2P X)dfi 

= ~ J M (Qo + 2P X) 2 dfi 

= - J M e^Q*d». 

under the flow (jl.6|) . We will often denote a CR 3-manifold by (M,J,[8q\) with 

o 

its contact class (or equivalently its underlying contact bundle) indicated. Let i n 
denote the torsion with respect to (J, 6q). For the long time solution to the flow (jl.fij) . 
we have the following result. 

o 

Theorem 1.1. Let (M, J, [9 ]) be a closed CR 3-manifold with An = 0. Then the 
solution of M.b\) exists on M x [0, oo). 

There are many torsion free examples. On the other hand, this condition implies 
strong topological obstruction (see the Appendix in jCHj ). We hope this condition 
can be weakened in the future study. 

To motivate the definitions of some analytic conditions, let us first examine the 
standard CR 3-sphere S 3 = |(2 ,-2i)| J2]=o z j^j = 1 j c C 2 with the induced CR 
structure J from C 2 and the contact form #o = l ^ u ~ 9u ^ | g3) where u = ^X]j=o z i^^j ~^ 
is a defining function. With respect to (J,9 ), S 3 is torsion free and Qo = 0. On 
the other hand, if f PtQ is a bigraded spherical harmonic of type (p, q) on C 2 (i.e. a 
harmonic polynomial which is a linear combination of terms of the form z p z' f ), then 
we have ( |Chij ) (A denotes the sub-Laplacian with respect to (J,0 )) 

(1-8) A f Ptq = -(2pq + p + q)-f m 

and 

(1-9) P Q f Pig = 4pq(p+l)(q+l)-f p , q . 



Definition 1.1. On a closed pseudohermitian manifold (M, J, 9), we call the Paneitz 
operator P with respect to (J, 9) essentially positive if there exists a constant T > 
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such that 

(1.10) / Pip ■ (pdfj, > T / (p 2 d{i. 

J M J M 

for all real C°° smooth functions ip _L Ker(P) (i.e. perpendicular to the kernel of P 
in the L 2 norm with respect to the volume form dfi = 6 A dd) . 

Remark 1.1. We note that P being essentially positive is a CR invariant property by 
hl.fy) . i.e., it is independent of the choice of contact form. For M being the boundary 
of a bounded strictly pseudoconvex domain in C 2 , P appears in the transformation 
law of the first invariant in the logarithmic term of Fefferman's asymptotic expansion 
of the Szego kernel (\H.J. Also P appears as the compatibility operator for the de- 
generate Laplacian in the paper |GL] . On the other hand, the kernel of P is infinite 
dimensional, containing all CR -pluriharmonic functions (see Section 5). So even 
for the short time solution to hi. 6]) . we need to treat the kernel part separately. The 
condition that P is essentially positive was also used to study the problem of the first 
eigenvalue of the sub-Laplacian (see |Chij ). 

Since the restrictions of bigraded spherical harmonics to S 3 span a dense subspace 
of L 2 (S 3 ) (see Proposition 12.3.3 in |CSj ). we conclude that the Paneitz operator Pq 
of (S 3 , J,9o) is essentially positive by (|1.9jl . Combining (jl.8|) and (jl.9j) . we get 

(2P -Ag)/ M = A(p,g)/ M , 

where X(p, q) = p 2 (Aq - 1) + q 2 (Ap - 1) + 6pq + Ap 2 q 2 . It is clear that if Pof P , q ^ 0, 
i.e., pq 7^ 0, then X(p, q) > 0. This means that the operator 2P — Aq is positive on 
the orthogonal complement of the Kernel of Jo- Therefore if ip is a real C°° smooth 
function such that (pi. Ker(P ), then 

(1.11) 2/ P ip ■ ipd/j, > / A 2 ip ■ (pdfi = / {A <p) 2 d[i . 

Js 3 Js 3 Js 3 

o 

Let V and V denote the sub-gradient and the sub- Hessian with respect to (J, 6 ), 
respectively. Now based on the Bochner formula, we have (Lemma 13.21 in Section 3; 
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see |Chij also) 



o 



(1.12) 



j M ivvr^. 



'0 



3 Jm( A o^) 2 ^o - 2 Im P o^ ■ <pd»o 







- Im W\Vtp\ 2 dfi - 6 lmJ M A^ip^d^ 



o 







where W and Ajj denote the Tanaka- Webster curvature and the torsion with respect 

to (J,9 ), respectively. 

o o 
Observe that If is a positive constant and Aji = for (S 3 , J, 6 ). It follows from 

ffTTTT) and (IT~T2T) that 



for ip_L Ker(P ). 

Inspired by the inequality (J1.13j) . we make the following definition. 

Definition 1.2. We say that the condition (*) is satisfied on a closed CR 3-manifold 
(M, J, [9q]) if there exist constants < £q < 1 and C(eq) > such that 



for all real C°° smooth functions (p J_ Ker(P ). 

Theorem 1.2. Let (M, J, [#o]) be a closed CR 3-manifold. Suppose that Pq is essen- 
tially positive and the condition (*) holds. Then the solution A of M.b]) satisfies an a 
priori S 2,2 estimate: 



for t G [0, T), where C(T) is a constant depending on T. Moreover, if in addition 
(Qo)kcr = 0, then the bound C(T) can be replaced by a constant C independent of the 
time. 

In the paper jBj, the (essential) positivity of the Riemannian Paneitz operator is 
also needed for a similar result on the Q-curvature flow on a closed conformal 4- 
manifold (M, [go]) with a given conformal class [go]. However, in the Riemannian 
case, the condition analogous to the condition (*) holds always. We wonder to what 
extent the condition (*) is valid for a closed pseudohermitian manifold. 



(1.13) 




(*) 




||A|U 2 , 2 <C7(T) 
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In Section 5, we show that if the torsion An of (M, J, 9q) is zero, then the CR 
Paneitz operator P Q is essentially positive. In that case, the CR Paneitz operator 
Po = ObOb and the Kohn Laplacian □& and □& commute (see Section 5). We can 
write an L 2 function <p = tp ker . + if 1 - where ip ker G Ker(P ) and tp 1 - G Ker(P ) L . We 
have the following a priori estimates of higher orders. 

Theorem 1.3. Let (M, J, [9 ]) be a closed CR 3-manifold. Suppose that P Q is essen- 
tially positive and the condition (*) holds. In addition, suppose also that Ao(Ker(Po)) 
C Ker(Po). Then for any nonnegative integer k, the solution A of 111. 6]) satisfies an 
a priori S 2k ' 2 estimate: 

||A|| S 2 M < C(k,T) 

for t G [0, T), where C(k,T) is a constant depending on k and T. Moreover, if in 
addition (Qo)ker = 0, then the bound C(k,T) can be replaced by a constant C(k) 
independent of the time. 

We remark that in the torsion free case, the condition A (Ker(P )) C Ker(P ) 
holds true (also P is essentially positive as mentioned above). We have the following 
asymptotic convergence of solutions of (jl.6j) . 

Theorem 1.4. Let (M, J, [# ]) be a closed CR 3-manifold with (<5o)kcr = 0. Suppose 
o 

that An = 0. Then the solution of 111. 6]) exists on M x [0, oo) and converges smoothly 
to Aqo = A(-, oo) as t — ► oo. Moreover, the contact form e 2A °°(9o has zero Q-curvature. 

Remark 1.2. 1. Let Wq denote the Tanaka- Webster (scalar) curvature with respect 
o 

to (J,9o). If An = 0, then Pq commutes with Ao and hence there holds 

2 2 

(<2o)ker = --(A Q W ) k er = --A (Wo) kcr 

by M.l)) . It follows that 

(Qo)kcr = <^=^ (H^o)ker is a constant. 

2. On the standard CR 3-sphere (S 3 , J, [6*o]), we have 
o 

(i) An = and Q = 0, 

(ii) the condition (*) holds with e = and C(e ) = 0. 
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As a consequence of Theorem ll.4| we have 

Corollary 1.5. Let (S 3 , J, [9q]) be the standard CR 3-sphere. Then the solution of 
il.b]) exists on S 3 x [0, oo) and converges smoothly to Aoo such that e 2Aoo 6> is a contact 
form of zero Q-curvature. 

We recall that 9q is called an invariant contact form on a CR 3-manifold M if it 
is locally volume- normalized with respect to a closed (2,0)-form on M ( |FH| . jLlj . 
|Faj ) . In the paper |FH| . the authors proved that the Q-curvature of an invariant 
contact form vanishes. Indeed if M is a real hypersurface in C 2 ,then M admits an 
invariant contact form 9q so that Qo = on M. In general, there is a topological 
obstruction for the global existence of an invariant contact form 9q ( |Llj ). However, 
on the standard CR 3-sphere, Qo = if and only if 9 is an invariant contact form. 

About other curvature flows, we notice that it is still an open problem whether 
we have the long-time existence and convergence for solutions of the CR Yamabe 
flow on a closed CR 3-manifold ( |CClj . | JLj ) . This is a second order subparabolic 
equation. On the other hand, the flow (jl.fi j) which we are dealing with is a fourth- 
order subparabolic (at least under a certain condition) equation. Because there seems 
to be no suitable maximum principle available for fourth-order subelliptic operators, 
we need to invoke a priori 1? estimates for solutions to ()1.6|) in place of the pointwise 
estimates used for second-order (sub)elliptic operators (jB], j^j, |Clj . |C2j . |CWj ) . 
In case M is a surface, the Q-curvature flow corresponds to the 2-dimensional Calabi 
flow which is solved completely by P. T. Chrusciel ([D]) and the first author ( |C3j . 
see also [TW| ). 

In order to get the S' 2 ' 2 -estimate (see Appendix A for the definition of Folland- 
Stein norms S ,p ), we need an additional analytic condition (*) (which holds for the 
standard pseudohermitian 3-sphere) plus a trick from S. Brendle's work for the 
Q-curvature flow on Riemannian 4-manifolds. This is because the pseudohermitian 
version of a Bochner-type estimate is entirely different from the Riemannian version 
(see Lemma l3~Tj) . 

We briefly describe the methods used in our proofs. In Section 2, in order to have 
the S k ' 2 -estimates for A, we need to derive the analogue of the Moser inequality 
on pseudohermitian 3- manifolds. In Section 3, based on a pseudohermitian version 
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of the Bochner formula, we first derive a key estimate for the equation (jl.fij) as in 
Lemma E21 which involves the CR Paneitz operator Pq. We show the subellipticity 
of Pq on (ker Po) ± under the torsion free condition to get the short time solution. 
For the long-time solution of (jl.6|) under the same condition (i.e., Theorem II. lj) . we 
obtain the higher order bounds for the solution. 

In Section 4, we derive the S 2 ' 2 -estimate and higher-order S 2k ' 2 -estimates for 
A under the flow (jl.fi)) , and hence prove Theorem 11.21 and Theorem II. HI Then we 
prove the smooth convergence of solutions of (jl.6|) (i.e. Theorem 11.4)1 by a method 
analogous to that in [Sj. In Section 5, we show the essential positivity of the CR 
Paneitz operator P on (M, J, 9) with the zero torsion. 

2. Moser's Inequality on Pseudohermitian 3-manifolds 

In this section, based on jXj, |CL| . jFSlj . and )SC) . we derive the analogue of 
Moser's inequality on pseudohermitian 3-manifolds. 

Let H 1 = C x R be the (3-dimensional) Heisenberg group with coordinates (z,t). 
For each real number r e R, there is a dilation naturally associated with H 1 , which 
is usually denoted as 

5 r u = 5 r (z,t) = (rz, r 2 t) . 
The anisotropic dilation structure on H l introduces a homogeneous norm 

\u\ = \(z,t)\ = (\z\* + t 2 ) 1/ \ 

With this norm, we can define the Heisenberg ball centered at u — (z, t) with radius 
R by B(u, R) = {vE H 1 : \u' 1 ■ v\ < R} . 

In their paper ( |CLj ). William S. Cohn and Guozhen Lu show that for all <p G 

Q° (H 1 ), 



(2.1) l*«)l<W l Pf4dV(u) 



where L = 2n ^^^Mf^ an d dV(u) = dx A dy A dt, z = x + iy. Note that we only 
take the case (3 = 1 in Theorem 1.2 of ( |CLj ). 

Let B be the unit Heisenberg ball of H 1 , centered at (0,0). Let || • || p denote the 
LP norm with respect to the volume form dV(u). 
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Lemma 2.1. For ip G C^°(B) and p > 4, we have 



(2.2) 

where 1 - 



< L- 1 \\V b ip\\ 4 sup 



veB 



\v 1 • u\ 3k dV(u) 



+ 



k p 4 



Proof. We write 



v- 1 . u \- 3k wmu)\ 4 Y (K 1 ■ < 3fc ) 3 (iv5^)i 4 ) 4 " 



Since i + | + ^| — = 1, applying Holder's inequality to (|2.1|) . we have 



|v 1 • it I 3k 



B 



i_ i 

4 p 



This implies that 



\<p(v)\ p dV(v] 



B 



,1-r . 3fe 




< fL-^lVi^ii; p -A^ 

<L- X ||V^|| 4 -A, 
where A = sup ueB J B \v~ l ■ u\ 3k dV(u) 



\v~ l ■ u\ 3h |V^(w)| 4 dV(u)dV(v) 



B JB 



Corollary 2.2. For all (p G C?(B), 



(2.3) 



B 



e* dV(u) <Cexp(x||V^|| 4 ), 



where C and x are two positive constants. 



Proof. Let £ = dB be the unit Heisenberg sphere and dA be the unique Radon 
measure on £ ( |CL| . |FSlj ). We denote Ai = J s dA. Note that there exists a 
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number 5 such that \v~ x • u\ < 8 for all u,v G B. This means that B C B(v,S) for 
all D65. 

By we have 



(2.4) 



< L ||V^|| 4 sup 



veB 



13 



< L- 1 ||V^|| 4 sup 



v 1 ■ u\ 3k dV{v 1 ■ u) 



B(v,8) 



L- L \\V h <p\l 



u\ 3k dV{u) 



B(0,6) 
6 



L- l Af \\V b <p\l 



o 



L-'AfS— \\V b <p\l 



r 3 3k dr 
1 

4- 3A; 



— 3 

Since -r = - + | and p > 4, we immediately get that (jz^) fc < Cp 3 and —3 < 
< 1 for some constant C. Thus, by ()2.4j) . there exists a constant X such that 
for all p > 1 , 



(2.5) |Ml p <iqv^|| 4 - P 

It follows that 



(2.6) 



B 



oo v 



vP=0 



OO II ||P 



< yu Z u P 
p=0 ^ 



oo 



p 

p=0 

(A' 4 ) ! (l|V^|l2 5 (f)' m 



p=0 1 



Here x\ = T(x + 1) for all real number x > 0. 

According to Stirling's formula, when p —>■ oo, we can estimate 
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(I)! 3, fof )*(£)* ^ 

-V p 4 ~ - — i : p p 4 

1 3p 

e 4 . 



Therefore, from ([2.6)1 . we get 



2 V 4 



I dV{u) <CJ2 



(E)\ 



<C-ex P (x||V^||3 

for some constants C and x. 



Now we are ready to prove an analogue of the Moser inequality in pseudohermitian 
geometry. Let C°°(M) denote the space of all real valued C°° smooth functions on 
M. 

Theorem 2.3. (Pseudohermitian Moser inequality) Let (M,J,9) be a closed pseu- 
dohermitian 3-manifold. Then there exist constants C, x, and v such that for all 
if E C°°{M), there holds 

(2.7) / e v ^<Cexp(x||V^||^ + z/ ||^||J) 

J M 

where dfi = 9 A d6 and the L A norm \ \ ■ 1 1 4 respects the volume form d\x. 

Proof. For each point x G M, there exists a neighborhood U x of x such that U x is 
diffemorphic to a Heisenberg ball B(r x ) centered at the origin with radius r x < 1. 
Choose a cut-off function rj x such that r) x (v) = 1 for \v\ < y and r) x (v) = for 
\v\ > r x . 
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Since M is closed, there exist finite balls (.B(y), r^) , j = l,---m such that 
(-B(-f)} IS an open covering of M. Let tp- = n^. Making use of (|2.3j) . we com- 
pute 



« lib n 

JM j=1 JB( 

m „ 

<C-J2 tfi dV(u) 

m 

<C-J> P (x||V^||y 



< C • J^exp (x||V 6 y?||J + 27 IMlJ)> 
for some constants C, x, and za 



3. The Long-time Existence 

Let T be the maximal time for a solution of the flow on M x [0, T). We will 
derive the S' fc ' 2 -norm estimate for A under the flow ()1.6|) for all < t < T. It then 
follows that we have the long-time existence for solutions of fll.6|) on M x [0, oo). 

First we have an integral version of the Bochner formula on a pseudohermitian 
3-manifold. 

Lemma 3.1. Let (M, J, 9 ) be a closed pseudohermitian 3-manifold. Then for any X 
E C°°(M), there holds 

^ 0= / M (A A) 2 ^ -/ M |V 2 A| 2 d/i + 2/ M (Ao) 2 rf/i 

\ 6 - L ) 



J M W\ VA| 2 d/i + 2 Im J M A JI X 1 X 1 dfi, 



o 







where V and To denote the sub-gradient and the characteristic vector field with respect 
to (J,9 ), respectively, and A = T X. 

Proof. We first show that (see Appendix A for definitions of the notations) 

iA |VA| 2 = |V 2 A| 2 +<VA,V(A A)> Jieo +iy|VA| 2 
K 6 -*) o o 

+Tor(VX, VA) - 2iAiA oT + 2zA T A i, 
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where Tor(VA, VA) = iAyjAiAi + conjugate of iAji\ 1 \ 1 . 



We compute 



o o 

|VA| 2 = 2| Ax | 2 = 2AiAy, |V 2 A| 2 = 2AtiAii + 2A Tl A lT 



and 



|A |VA| 2 = (A 1 A T ) lT +(A 1 A-) Tl 
(3.3) = Aj^Ai + 2Aj 1 A 1 y + 2A]jAn + AyA 1x y + AiA^ + AjA^x 



o 

V 2 A| 2 + A^Aj^ + Xjij) + conjugate of A^A^ + A TlT ). 



Observe that 



o o 

^ ^ < VA, V(A A) >j ieo = Ai(A lT + A Tl ) T + conjugate of Ai(A lT + A Tl )- 

= ^i(^in + ^Til) + conjugate of Ai(A lTT + A TlT ). 



Taking the covariant differentiation of 

(3.5) A Tl = A lT - iX 
(|Llj) in the Z\ direction gives 

(3.6) A TlI = X m -iX 0j . 

A commutation relation ( |Llj ) for covariant derivatives of a 1-form gives 

(3.7) A m = A TlI -*A T0 + ^A T . 
Now from (Q, (D, (Q, and (jSHj), we obtain 

(3 g) |A | VA| 2 = | V 2 A| 2 + < VA, V(A A) > +(M / AiA T + conjugate) 

+ [-«Ai(A l0 + A 0l ) + conjugate]. 

Then fl3.2|) follows from ()3.8j) and the following commutation relation ( |Llj ) 

o 

\\ — ^To + ^TT^i- 

Finally integrating both sides of ()3.2|) and applying (j3.5J) . we obtain 

o 

= Jm( A o a ) 2 ^o - I M \^ 2x \ 2 dHo + 2 I M ( iX ^ X oi ~ iXjX i)dfi 
" Im ^|VA| 2 ^ + 2 Im J M A^X^d^. 
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By integrating by parts and (j3.5j) . we compute 



M 



/ zAo(-A lX + X Tl )d/i 
Jm 



Combining the above two formulas gives (|3.1|) . 



Lemma 3.2. Let (M, J, 6*o) be a closed pseudohermitian 3-manifold. Then for any A 
G C°°(M), there holds 

2J M P X-Xdfi = 3/ M (A A) 2 ^ -/ M |V 2 A| 2 ^ 



- Jm W| VA| 2 rf/i - 6 Im J M A n AiAid/i . 

o o 

Proof. Multiplying both sides of the formula F A = A 2 A+T 2 A+4 ^(AjyXii+A^Xi) 



by A and integrating, we compute 



2J M P X-Xdfi = 2j M {A X) 2 dfi -2j M {X ) 2 dfi -8lmJ M A TT X 1 X 1 dfi 

= 3 J M (A A) 2 ^ - J M | V 2 A| 2 ^ - J M W\VX\ 2 d» 
o 

-61m j M A TI X 1 X 1 dfi 
by integrating by parts and Lemma f3. 11 



As a consequence of Lemma 13.21 and (jl.llj) , we have 
Corollary 3.3. Let (S 3 , J, 9o) be the standard pseudohermitian 3- sphere. Then 

[ |V 2 A|> < 2 / (A A) 2 ^ 

for X -Lker(P ). 

It follows from ()1.7|) that 



Lemma 3.4. Let (M,J, [9q]) be a closed CR 3-manifold. Let X be a solution of the 
flow M.b]) on M x [0,T). Then there exists a positive constant [3 = P(Qo,0 o ) such 
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that 

(3.9) S{9) = [ P X- \dfi + / QoAc^o < (3\ 

Jm Jm 

for all t G [0,T). 

Lemma 3.5. Let f : [0, T) — > R be a C l smooth function satisfying f < —C\f + Ci 
for some positive constants Ci, C2 > 0. Then f(t) < f(0)e~ Clt + ^ /or t E [0, T). 

We will often use the above lemma (whose proof is left to the reader) to obtain the 
higher order estimates. Now we write A = Ak cr + X 1 ■ Qo = (Qo)ker + Qo with respect 
to Pq. Comparing both sides of the following formula: 



<9A kcr dX 1 - dX „ , , 

+ ^T = ^I = '(Qo + 2^oA) + r(t). 



dt dt dt 



we obtain 



(3.10) ^ = _(Q^ + 2 P A J 



and 



dX 

(3.11) ^ = -(Qo)kcr + r(t). 

From now on, C or Cj (C(k, T), C(T), etc., respectively) denotes a generic constant 
(with emphasis on depending on (k,T), T, etc., respectively) which may vary from 
line to line. 

o 

Proposition 3.6. Let (M, J, [6*0]) be a closed CR 3-manifold with An = 0. Then un- 
der the flow M.b}) ( or equivalently \3.1U\) and H3.ll)) ), there exists a positive constant 
C(k,T,8 ,(3,T) > such that 



\ s2k , 2 <C{k,T,9 ,i3,T) 
for all0<t <T. 
Proof. From ([3.11)1 . we have 

(3.12) X keI (t,p) - A ker (0,p) = -(Qo)ker(p)* + / rdt. 
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Since (Pq being self- adjoint) 



PqX ± ■ X kcr d[i — 



M 



and 



= J M Q [X kcr (0,p) - (Q ) kcr (p)t + J^rdt]dn 
= J M QoX kci (0,p)d^i - t I M l(Qo)kcv(p)} 2 dfi 
>-C- Ct, 



we compute 



J M p oX ■ Xdfi + J M Q Xdfi 

= J M PqX^- ■ (A kcr + X^dfiQ + J M Q (X kcr + X^dfiQ 
> J M P X ± ■ X^d N + J M QoX^ -C-Ct. 

It then follows from Lemma [3.41 that 

/ PoX 1 - ■ X ± dfi + f Q X ± dfi < (/9 2 + C) + Ct 

JM JM 

for all t G [0, T). Since the torsion of (M, J, 9$) vanishes, the CR Paneitz operator Pq 
is essentially positive in the sense that 



/ P A X • A^ > T / (AYd^ 

J M JM 



by Theorem 15 .31 All these imply that there exists a positive constant C(T, Qo, 9q) > 
such that 

((3 2 + C) + Ct > J M P X ± ■ X ± d^ + J M QoX^ 
> U^A^o-C^QoA) 
for all t G [0, T). So there exists a positive constant C(T, Qo, 9q, (3, T) such that 



(3.13) / {X L ) 2 d^<C{T,Qo,9 Q ^,T), 

JM 

for all t G [0,T). 

o 

On the other hand, we observe from the condition An = that 



(3.14) 



/\krp2 rp2 /\k 

LA o 1 o — 1 LA 
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and hence 

(3.15) A fc P = P A fe . 
It follows that 

(3.16) A*A X JL kerP , A^A kcr G kerP 
Next we compute, for all positive integers k, 

(317) = 2 j M (A*xm d -£)dv 

= -2f M (A§\ ± )[A k (Q£ + 2P \ ± )]d f i 

= -2 J M X^AfiQ^d^ - 4 J M (A fc A ± )(P A fc A ± )^ . 

Here we have used (|3.15J) . By (jH.lfjjl and essential positivity of Po, we obtain 

(3.18) / (A fe A ± )(P ASA ± )^ > T / (A^) 2 ^ . 

JM JM 

Therefore from ([3. 17)1 . ()3.18|) . and (|3.13j) . we conclude that 

(3.19) 1 / (A^) 2 ^ < -4T / (AgA ± ) 2 ^ + C(k,T). 

az JM JM 

By applying Lemma l3~5l to the O.D.E. f(t) < -4T/(t) + C(k,T) from (pO^l . we 
obtain 

and hence 

||A X - < C(k,T) 

for all < t < T. 

o — -— * 

From the definition of the Q-curvature, An = 0, and (|3.16j) . we compute 

/ (Qo)ker^O = 7T f A (R ) kcT dfi = 0. 
JM <J JM 

This and ()3.12|) imply 

A - A = (A x - F) + [A ker (0,p) - (Q )ker(p)i] - A ker (0,p), 
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and hence 



(3.20) ||A-A||s2*, a <C((Q )kcr,A;,T) + ||A ± -A ± |U2 fc ,2 <C(k,T) 

for all < t < T. Recall that the average / of a function / is defined by / = "j y ■ 
In particular, there holds 

||A- A|| S 2, 2 < C{T). 
Therefore by the Sobolev embedding theorem, we have S 2 ' 2 C S 1,4 and 

(3.21) ||A- A||<?i,4 < C{T). 

Now using Theorem 12.31 (pseudohermitian Moser inequality), we get 
/ e 4{x - J) dfi < Cexp(C||A- A|| s i,4) < C{T). 

J M 

Together with J M e 4A (i/i being invariant under the flow, we conclude that 

(3.22) C > A > -C(T) 

(the upper bound is obtained by observing that J \dfi < J e 4X dfi ). By (I3.2()j) and 
1)3.22)1 . we finally obtain 

\\X\\ s , k ,2<C(k,T) 

for all < t < T. 
I 

Proof of Theorem ll.lt 

When the torsion is zero, we can write Pq = Do Do — Do Do (Do an d Do commute) 
where D = A + iT is the Kohn Laplacian (acting on functions) with respect to 
(J,6q), and T is an infinitesimal CR diffeomorphism. This implies that (M,J) 
is embeddable (see Theorem 2.1 in jLej ) . Therefore do and Do have subelliptic 
estimates on the orthogonal complements of i^er(Do) and Ker(Oo) in L 2 , denoted 
as (KeriDo)) 1 - and (KeriDo)) 1 -, respectively ( |Klj . )K2j ). Since P commutes with 
□o and Ker (Do) C KerPo, we have 

(3.23) Do<p G (KerPo) 1 - C (KeriU^) 1 - 
for ip G (KerPo) 1 -. We can then estimate 
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(3.24) 



IMIsM-4,2 < c\\n <p\\ S k+2,2 



< c\\n n <p\\ sk ,2 = c\\p <p\\ 



for (p e (KerPo) 1 - (c(Ker(n )) x ) by (j3~23j) . By (l3~2H) . we mean that P is subelliptic 
on (KerPo)- 1 . It follows that there exists a unique C°° smooth solution A -1 of (|3.1U|) 
for a short time (noting that Pq is essentially positive by Theorem 15. 3[ which explains 
the negative sign in (|3.1()jl ). On the other hand, we can apply the contraction mapping 
principle to show the short time existence of a unique C°° smooth solution Ak er to 
(j3.11|) (observing that Ak cr satisfies (j3.12j) ). The long time solution then follows from 
Proposition ESI the Sobolev embedding theorem for S k ' 2 1 and the standard argument 
for extending the solution at the maximal time T. 



We can obtain an a priori S 2,2 estimate under some analytic assumption replacing 
the torsion free condition. Also a condition on the background Q-curvature will assure 
that the bound is uniform, i.e., independent of the time. Under the same condition 
together with the vanishing torsion, we will then have the higher-order estimates 
with unform bounds. Therefore we are able to prove the asymptotic convergence of 
solutions of (jl.fij) . 

Lemma 4.1. Suppose (QcOker = 0- Then the solution A -1 of \3.1(J\) satisfies the fol- 
lowing a priori estimate 



4. A Priori Estimates and Asymptotic Convergence 



(4.1) 



£ (A x ) ^ / 



M 



P \ ± -\ ± dfi + [ QoX^dfi^p 2 



Jm 



for a constant (3 independent of the time. 



Proof. The condition (Qo)kcr = implies that 
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It follows that 

Im P Xj ~ • (^kcr + ^d^O + I M Qo(Aker + X^dfif, 



~~ Im P ° X± ' ^d^o + J M Qo^dfiQ. 
Hence from Lemma f3. 4) we obtain (|4.1jl . 



Proof of Theorem fOt 

The essential positivity of Pq assures that for some constant T, there holds 



(4.2) / P X ± ■ X ± d^ > T / (X^dfi,. 

JM JM 

From the proof of Proposition 13.61 we have ()3.13|) . i.e., a bound for the L 2 norm of 
X ± , depending on the maximal time T. If in addition we assume (Qo)ker = 0, then 
by 1)4.1)) . ()4.2)) . and the Young inequality, we obtain 



(4.3) 

and 

(4.4) 



/ (A ± ) 2 d// <C(T,Q A,/3) 

JM 

[ P X ■ Ad// = / PqA^ • A^d/iQ < C(T, Q , 0„, /?) 



for all t > 0. 

Now if the condition (*) holds on (M, J, [6q]), that is, 

/ \V 2 X ± \ 2 dfi <(2 + e Q ) [ (A X ± ) 2 dfi + C(e ) [ | VA^| 2 rf/x . 

JM JM JM 

^From this and Lemma f3. 21 we have 

2 / PoX 1 ■ X ± dn >(l-e ) [ (AoX^dfiQ - C [ (VA^^o- 

JM JM JM 

By applying (|4.3j) . integrating by parts and the Young inequality, we compute 



2J M P X X -X ± d f i = (l-e )J M (A X L ) 2 d^ + Cj M X L A X ± d^ 

> (1-80-8)1^X^^-0(80,1), 
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= 6 > 0, then 



(4.6) 2 / PqA^ ■ X ± d f i > 5 [ (AoA^) 2 ^ - C(e , -). 

Jm Jm £ 

Finally from (|4.4jl and (J4.6j) . there exists a positive constant C = C(5 t T, Qq, 9o, (5) 
such that 

/ (A A ± )> <C, 

and hence 

(4.7) ||A ± || 5 2, 2 <C 

for alH > by ()4.3)1 (the constant C depends on the maximal time T by 1)3.13)1 if we 
don't assume (Qo)ker = 0). 

To deal with Ak er , we consider A — A. Without the condition (<5o)ker = 0, we have 
obtained the bound for ||A||s2,2, depending on T, from the later part of the proof of 
Proposition 13.61 Let us assume (Qo)ker = below and see how to get an uniform 
bound. 

Under the condition (Qo)ker = 0, the equation ()3.11)) reads 

9Aker 

and hence we have 

(4.8) A kcr (t,p) = A ker (0,p) + / rdt. 

Jo 

It follows that 

A-A = (A ± -A X ) + [A ker (0, P )] 
and from (jH7D and (JOj) that 

1 1 A — A| 1,52,2 < C\ + 1 1 A -1- — A -1- ! 1^2,2 < C2 
for all t > 0. Therefore by the Sobolev embedding theorem for S k,p , we have 

(4.9) ||A-A||5M<C3 
for allt > . 
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Now again by using Theorem 12 .3[ we have 



e 4ix - x) d^i < Cexp(C||A- A|| s m) < C 4 

M 

for all t > 0. Together with J M e 4X d{i being invariant under the flow, we conclude 
that 

(4.10) C 5 >A>-C 5 . 
Thus 

||A|| S a, 2 <C 

(and also (from Theorem 12 .3|) 

(4.11) f e aX dfi < C 

JM 

for all real number a and allt > 0). 

Since A is self adjoint, we can deduce the following result by the Young inequality. 

Lemma 4.2. (interpolation inequality for A ) On a closed pseudohermitian manifold 
(M, J, 8q), given e > 0, there exists a constant C(s) such that 

(4.12) f {A <p) 2 d» < e [ (A^) 2 ^ + C(e) [ ^ 

JM JM JM 

for all real valued functions (p G C°°(M). 

Proof of Theorem fOt 

We compute 



iii 



(413) = 2/ M (A ^)(A*f r )^ 



-2 f M (A k X)[A k (Q + 2PX)W, (by ^M) 
-2/ A/ (AgA ± )[A fc (Q )]^ -4/ M (AgA ± )[A fc (F A^)]^ . 



(4.14) 
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Next we will estimate the second term in the last line of 1)4.13)1 . From the Bochner 
formula (jH.ljl . (jH.lfij) . and (|3.14J) . we compute 

-4/ M (A fe A ± )K(PoA ± )]c//i 
= -4/ M (AgA ± )[A fc (A2A ± + T 2 A ± )]^ + E x 
= -4/ M (A^ 1 A^) 2 ^ -4/ M (A fc A i )[A fc T 2 A ± ]^ + E x 
= -4/ M (AS +1 A ± ) 2 ^ - 4/ M (A^)[T 2 A fc A^ + E 1+ E 2 
= -4/ M (A fe+1 A ± ) 2 ^ + 4/ M (T A fc A ± ) 2 ^ + E 1 + E 2 

= 2[J M \V 2 (A k X)\ 2 d^ ~ 3 ^(ArA 1 ) 2 ^] +E 1 + E 2 + E 3 

where 

E x = / M (AgA ± )Ag(O 2 (A ± ))^ , 

£ 2 = J M (A fc A ± )O 2fe (A ± ))rf/i , 

£ 3 = J M (A fc A ± )O 2fe+2 (A ± )^ , 
with Oj being some differential operator of weight j (see Appendix A for the defini- 
tion). Using the subelliptic estimate and the Young inequality, we can estimate the 
"error terms" EjS by 



(4.15) 



\E\ 

= | Ei + E 2 + E% | 



Note that A (and hence A(j) maps Ker(P ), and hence Xer(P )" L ) into itself by 
assumption. So we can apply the condition (*) to the first term of the last line in 
flUHJ). Together with substituting ()4~TB]) into (jHHJ) , we obtain 
(4.16) 

-4f M (A fc A i )[A Q fe (P A ± )]^ 

< _ 2 (i - £q - f ) ^(A*^) 2 ^ + C7(fc, ei ) ^(A^) 2 ^ + e x ! M {^fd N . 

Taking e x small so that 1 — Eq — y > 0. From the interpolation inequality (j4.12j) with 

V? = Aq^A" 1 , we get 

(4.17) / (A^) 2 ^^ / (A^ +1 A ± ) 2 ^ + C(s) [ (A^V) 2 ^. 

Jm Jm Jm 
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By choosing e (depending on k, £1) small enough, we can absorb the middle term of 
the second line into the first term of the second line in (|4.1fij) . Substituting (j4.17j) 
into (j4.16j) and then substituting the result into ()4.13|) . we obtain 



(418) iUK^fd^ 

< -Cj^A^X^d^ + C(k) J^A^X^d^ + C J M (X^ 2 d^. 
In view of the subellipticity of Aq, we have 

(A k Xfd^<C(k){l (A k+1 X ± ) 2 d f , + [ (X ± ) 2 dfi ). 

M JM JM 

Therefore we can reduce (|4.18|) to 



(4.19) jJ^Xfd^ 

< -C(k) [ (A k X) 2 d^ + C{k) [ (A^V) 2 ^ + C{k) [ {X^fd^. 

JM JM JM 

Now we apply induction on k > 2 to (J4.18|) . When k = 2, the last two terms of 
(j4.19|) are bounded due to Theorem 11.21 So by Lemma f3. 51 we get 

/ (A^) 2 ^ < C(T) 

JM 

and C(T) is independent of T if the condition (Qo)ker = is imposed. By induction 
hypothesis, J M (Ag _1 A" L ) 2 (i/i is bounded. Also recall in the proof of Proposition 13.61 
that the essential positivity of Po and the energy estimate (|3.9J) imply the L 2 bound 
of A -1 (see (13.13)) and ()4.3|) if, in addition, (Qo)kcr = 0). So the last two terms of (j4.19J) 
are bounded. Applying Lemma 13*31 again, we conclude that 



(4.20) / (A fe A ± ) 2 rf/i <C(A;,T) 

JM 

where C(k,T) is independent of T if the condition ((5o)kcr = is imposed. From 
(J3.13J) f ()4.3|) if, in addition, (Qo)ker = 0), ()4.20|) . and the subelliptic estimate, we can 
then have 



X ± \\ S 2 k ,2 < C(k,T) 
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(C(k,T) is independent of T if the condition (Qo)ker = is imposed). Observe that 
the argument from ()3.2()j) to 1)3.22)1 in the proof of Proposition 13.61 still works without 
torsion free condition. We therefore have the following estimate 



| 5 2fe,2 < C(k, T) 

with C(k, T) being independent of T if the condition (Qo)ker = is imposed. 

o 

Proposition 4.3. Let (M, J, [9 ]) be a CR 3-manifold with An = and (Qo)kcr — 0. 
There exists a constant C = C(T, Qq, 9o, (3) such that 

1 1^1 |s 4 > 2 ^ C 
for all t > 0. In particular, there holds 

|A| < C 

for all t > 0. Moreover, we have 

(4.21) \\\\\ S 2k,2 <C{k) 
for all t > 0. 

Proof. Observe that A has an uniform L? bound if (Qo)ker = in the proof of Propo- 
sition ()3.6)) . and hence the constants C(..., T), C(T), and C(k, T) can be replaced by 
C or C{k) (independent of T) from (j3.13j) to the end of the proof. 
I 

Proof of Theorem 11.41 : 

By Theorem ll.il we have a long time solution. Starting from (jl.7j) . we compute 

d 2 C 8\ 

(4.22) —£{9) = -Aj(Q + 2P \)P —dfi 

= 4 J (Q£ + 2P A)P (Qo + 2P X)d f j, by (USD 

> 4T J{Q^ + 2P \f 

by essential positivity of P Q (which is implied by the torsion free condition; see The- 
orem ESI)- Therefore -^£(0) is nondecreasing, and hence 

(4.23) / e AX Q 2 d/j> ( > 0) is nonincreasing. 

J M 
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By fl4.21|) . we can find a sequence of times tj such that Xj = X(-,tj) converges to A c 
in C°° topology as tj — > oo. On the other hand, integrating p. 7)1 gives 

poo I* 

(4.24) ^(Aoo) - £(X ) = - / / e AX Q 2 d^dt. 

JO J M 

In view of fjOSjl . (jOjD , we obtain 



(4.25) = lim / e 4A Q 2 ^ = / e^Q^d^ 



where Qoo denotes the Q-curvature with respect to (J, 6*oo), ^ = e 2Xac 9o, and cfy/^ 
= e 4Aoo d/i . It follows that Qoo = 0. 

In the following, we are going to prove the smooth convergence for all time. First 
we want to prove that A converges to Aqc in L 2 . Write Aoo = A^ + (A^kcr- Observe 
that (|| • | |a denotes the L 2 norm with respect to the volume form <i// ) 



(4-26) l|Ai-A ± || 2 < HAi-A^ 

< C||2P (Ai-A ± )|| 2 
= C\\2P X ± + Q^\\ 2 

by the subellipticity of P on (KerPo) 1 - and = = e~ iXoa (2P X^ o + Qq ) ((Qo)ker 
= by assumption). We compute 

I S(Xi) - £(X^) | 
= \SiiS(X ± + S (Xi-X ± ))d s \ 
( 4 -27) =| £ J M [2P (X ± + s(Xi - X s -)) + (ft) ■ (A^ - X^ds \ 

< £ \\2PoiX 1 + s(Xi - A x )) + g^|| 2 ||Ai - X^ds 

< C\\ |2PoA^ + Qq \ |1 

by the Cauchy inequality and ()4.26|) . Let d be a number between and \. It follows 
from (ET2TI) that 

(4.28) | £{Xi) -SiX 1 ) |!-*< ^I^PqA^ + g ± ||f < C 2 \\2P X ± + Q^\\ 2 
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for t large by noting that 2(1 — i9) > 1 and I^PqA^ + <5o~ 1 12 tends to as t — > 00 by 
(14.25)1 . Next we compute 

= +$(£(X ± ) - SiXi))*- 1 \\2PX + Qo Ibll^lb 
> i?C7 1 ||A" L || 2 

by JEZD, (jOHl), and noting that A^ = -(2P X ± + Qfr) (see lETTIty ) and hence the left 
side is nonnegative. We learned the above trick of raising the power to •& from [BJ. 
Integrating ()4.29j) with respect to t gives 



r°° -± 

(4.30) / ||A \\ 2 dt < +00. 

Jo 

Observing that ^{X ± - A^) = X^ and -^\\X ± - A^,||l < C||A || 2 , we can then 
deduce 

(4.31) lim ||A X - Ai||l = 

by (IOU1) . On the other hand, we can estimate \r(t)\ < C\ \2PoX 1 - + \ | 2 = C7[|A" L || 2 
by dmH). It follows from that 



(4.32) / \r(t)\dt < +00. 

So in view of ()4.8|) and (|4.32j) . Ak er converges to (A^ker = (Aker)oo as t — > 00 (not just 
a sequence of times). Since Ak cr — (Aoo)ker = — ' r(t)dt is a function of time only, 
we also have 

(4.33) lim 1 1 A ker - (Aoo) ke r| Ism = 

for any nonnegative integer k. With X ± replaced by X ± — A^ in the argument to 
deduce 1)3 .19|) . we obtain 



(1.3 !) ± [ (A^(A^-Ai)) 2 ^ <-4T f (A*(A^ - A^)) 2 ^ + C(k)\\^ ~ X 

al J M J M 
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By Lemma RT31 and ()4.31|) . we get 

(4.35) lim f (Ag(A ± - A^))> = 0. 

Hence by the subellipticity of Aq, we conclude from ()4.35j) and ()4.31|) that 

lim - A^|| 5 2 fc , 2 = 0. 
Together with 14.331 we have proved that A converges to Aoo smoothly as t — > oo. 

5. Essential Positivity of the CR Paneitz Operator 

Let (M, J, 9) be a closed pseudohermitian 3-manifold with zero torsion. We will 
prove the essential positivity of the CR Paneitz operator P. 

Since the torsion of (M, J, 9) is zero, the Lie derivative of the CR structure J with 
respect to T (characteristic vector field) is zero. Hence M admits a smooth CR 
action of R, which is transverse to the contact bundle. This implies that (M, J) is 
embeddable by Theorem 2.1. in |Lej . Therefore the L 2 -closure of the Kohn Laplacian 
has the closed range ([KlJ and hence subelliptic estimates on the orthogonal 
complement of the kernel of □& in L 2 ( |Klj . |K2j ) . We use the same symbol □& to 
denote the L 2 -closure. 

On the other hand, since □& is a closed operator, Ker(\3b) is closed, and we have 
the following direct sum decomposition 

(5.1) L 2 = Ker{D b ) © R(O b ), 

where R(O b ) is the range of 

Let C°°(M, C) be the space of all C°° smooth complex- valued functions on M and 
C% = C°°(M,c7) n Ker(D b ). Then we have C°°(M,C) = C% © (C^) x . By (I5~T| 
and subelliptic estimates on the orthogonal complement of the kernel of in L 2 , we 
see that (Cf? ) x = {D b <p\ (p G C°°(M, C)}. 

Let H : C oc (M,C) — > Cl£ be the projection. Define the Green operator G : 
C°°(M,C) (Cf ) ± by 
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where u is the unique solution of \3 b oo = a — H(a). It is easy to check that G is 
symmetric and positive on (C^?) -1 . Moreover, since □& has subelliptic estimates, G 
is compact on the orthogonal complement of Ker{\3 b ). 

Lemma 5.1. Let rj = sup {\\Gtp\\ : (p G C°°(M, C), \\(p\\ = 1, y> G (C^ > ) ± }. T/ien 
i an eigenvalue ofD b . 

Proof. Let C (C^?) 1 - be a maximizing sequence for 77, that is, ||^|| = 1 and 

II^VjH ~~ ¥ V- Since G is symmetric, we have 



< 77 2 ||G^J 2 - 277 2 ||G<^|| 2 + 7/ 4 



This inequality means that ll^Vj — f] 2( Pj\\ — > as j ^ 0. 
Let ipj = G<fj — rjipj. Since G is positive on (C^?)- 1 , we have 

= (^G^ + nW^f 
> v\M\ 2 - 

This inequality, together with the above, implies that — — > 0. 

On the other hand, since G is compact on the orthogonal complement of the kernel 
of Dft, there exists a subsequence of {<fj}, also denoted by {<fj}, such that {Gipj} 
converges to a function f E L 2 . We have, for all tp E C°°(M, C), 



= hmj^o(G(pj,(n b -^)(p 

= lim^o (<fj ~ ^Gip^tp} 

= lim^o \ (Wj ~ G<Pj,<p) 
= 0. 

That is, / G L 2 is a nontrivial weak solution of (□& — -)/ = 0. Actually f-LKerO b , 
so / is smooth and - is an eigenvalue of 



Lemma 5.2. Let (M, J, 9) be a closed pseudohermitian 3 -manifold. Suppose that 
(M, J) is embeddable. Then D b has discrete eigenvalues: = yU < /i x < /i 2 < 
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• ■ • ^ n n — > oo and the corresponding eigenfunctions {ip { \ i > 1} satisfying D&^j — 
Hi<fii, fi G C°°(M, C) can be chosen so that {(p { } forms an orthonormal basis of 
{KerU b ) L in L 2 . 

Proof. Let E(fi) be the eigenspace with respect to the eigenvalue \i. By the subelliptic 
estimates, dimE(fi) < oo if fi > 0. 

Forj^letT^supjllGpU: cpeC°°(M,C), \\cp\\ = 1, <p G 
Here we denote E(^-) = C|?. A similar argument as in Lemma f5 . 1 1 shows that i is 
an eigenvalue of □&. Therefore we have the discrete eigenvalues = fj, Q < fi 1 < fi 2 < 

• • • < ^ — *• oo. By the subelliptic estimates, {/i n } can not have a finite limit. 
Thus fj, n — > oo as n — > oo. 

Let = /i < < /i 2 < • • ■ be the eigenvalues of where each eigenvalue 
is included as many times as the dimension of its eigenspace, with a corresponding 
orthonormal sequence of eigenfunctions {<fj}. Let a G C°°(M, C), there exists (3 G 
(Ck) 1 - such that G(3 = a — H(a). It is easy to check that {a, </^) ^ = G({{3, (p { ) <£>J, 
so we have 



i«-Er=i( Q! »¥'t)¥'t-f(«)ii = ii c/?- Er=i ( a >^)^ii 

= l|G(/3-Er=i(A^)^)ll 

< -^n/3-Er=i(A^)^n 



< 



1 



Then // n — > oo implies that 



lim 

n— >oo 



a: 



i=l 



0. 



Theorem 5.3. If the torsion of (M, J, 9) is zero, then the CR Paneitz operator P is 
essentially positive. 

Proof. First, zero torsion implies that (i) the CR Paneitz operator P = and 
(ii) the Kohn Laplacian □& and □& commute, so they are diagonalized simultaneously 
on the finite dimensional eigenspace of with respect to any nonzero eigenvalue. 
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Therefore, we can choose an orthonormal basis {y?«} such that each eigenfunction 
G {y?j} is also an eigenfunction of and hence, of P. We know that the eigenvalues 
of (and hence of are all nonnegative. Therefore by Lemma 15^1 P is essentially 
positive. 



Appendix A. 

We will give a brief introduction to pseudohermitian geometry (see |Llj . |L2j for 
more details). Let M be a closed 3-manifold with an oriented contact structure £. 
There always exists a global contact form 9, obtained by patching together local ones 
with a partition of unity. The characteristic vector field of 9 is the unique vector field 
T such that 9(T) = 1 and Ct9 = or d9(T, •) = 0. A CR structure compatible with 
£ is a smooth endomorphism J : such that J 2 = —identity. A pseudohermitian 
structure compatible with £ is a CR-structure J compatible with £ together with a 
global contact form 9. 

Given a pseudohermitian structure (J, 9), we can choose a complex vector field Z\, 
an eigenvector of J with eigenvalue i, and a complex 1-form 9 1 such that {9, 9 1 ,9 1 } 
is dual to {T, Z u Zi}. It follows that d9 = ih 1 - 1 9 1 A9 1 for some nonzero real function 
h\\. If /iii is positive, we call such a pseudohermitian structure (J, 9) positive, and 
we can choose a Z\ (hence 9 1 ) such that fin = 1. That is to say 

dff = i9 1 A 9 T . 

We will always assume our pseudohermitian structure (J, 9) is positive and fin = 1 
throughout the paper. The pseudohermitian connection of (J, 9) is the connection 
Tjip-h. on yM®C (and extended to tensors) given by 

V^-Zi = cji 1 ®^, V p - h -Z l = ui l ®Zi, V^-T = 

in which the 1-form u\ l is uniquely determined by the following equation with a 
normalization condition: 

d9 l = 9 1 Au>i 1 + A 1 i9A9 1 

(A.l) 

= uj^+uji 1 . 
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The coefficient A l \ in (|A.1|) is called the (pseudohermitian) torsion. Since fin = 1, 
An — ^ii^ 1 ! = And An is just the complex conjugate of An. Differentiating 
Ui 1 gives 

dui 1 = WO 1 AO 1 + 2iIm(A UJ 6 1 A9) 

where W is the Tanaka- Webster curvature. 

We can define the covariant differentiations with respect to the pseudohermitian 
connection. For instance, fi = Zif, fn = Z\Z\j — ujA[Zi)Zif for a (smooth) 
function /. We define the sub-gradient operator V& and the sub-Laplacian operator 
A fe by 

V 6 / = f-Zi + fiZi, 

AJ = fn + flx- 
respectively. We also define the Levi form <, >^g by 

<V,U >j fi = 2d6(V, JU) = villi + viui, 

for V = viZi + viZi,U = uiZi + U\Z\ in ^ and 

(y,u)j tB = [ <v,u> Jt0 6Add. 

J M 

For a vector I e (, we define \X\ 2 =< X, X >j fi . It follows that | Vbf\ 2 = ^fih f° r a 
real valued smooth function /. Also the square modulus of the sub- Hessian V^/ of / 
reads |V^/| 2 = 2/n/n + 2/xi/n. We recall below what the Folland-Stein space S' fc ' p 
is. Let D denote a differential operator acting on functions. We say D has weight m, 
denoted w(D) = m, if m is the smallest integer such that D can be locally expressed 
as a polynomial of degree m in vector fields tangent to the contact bundle £. We 
define the Folland-Stein space S k,p of functions on M by 

s k, P = {f e L p : Df E L p whenever w(D) < k}. 

We define the L p norm of V J, V 2 b f, ... to be (/ \V b f\ p 9 Adey/ p , (J \W 2 b f\ p 6 Ad6) l l p , 
respectively, as usual. So it is natural to define the S k,p norm of / G S k,p as 
follows: 

o<i<fc 
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The function space S k ' p with the above norm is a Banach space for £;>0,l<p<oo. 
There are also embedding theorems of Sobolev type. For instance, S 2,2 C S* 1,4 (for 
dimM = 3). We refer the reader to, for instance, jFS2j and |Foj for more discussions 
on these spaces. 
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